Abstract. Given a star product with separation of variables on a pseudo-Kähler manifold, we obtain a new formal (1,1)-form from its classifying form and call it the phase form of the star product. The cohomology class of a star product with separation of variables equals the class of its phase form. We show that the phase forms can be arbitrary and they bijectively parametrize the star products with separation of variables. We also describe the action of a change of the formal parameter on a star product with separation of variables, its formal Berezin transform, classifying form, phase form, and canonical trace density.
Introduction
Given a manifold M, we denote by C ∞ (M)[ν −1 , ν]] the space of formal Laurent series with a finite principal part,
where f r ∈ C ∞ (M) and k ∈ Z. If k > 0, we will say that the formal function f vanishes at ν = 0.
Deformation quantization on a Poisson manifold (M, {·, ·}) is an associative product (named a star product) * on C ∞ (M)[ν −1 , ν]] given by the following ν-adically convergent series,
where C r are bidifferential operators and C 1 (f, g) − C 1 (g, f ) = i{f, g}. We assume that the unit constant is the unity for the star product, f * 1 = 1 * f = f . A star product can be restricted (localized) to an open subset U ⊂ M. We denote by L f and R f the operators of left and right star multiplication by a function f , respectively, so that f * g = L f g = R g f . The operators L f and R g commute for any functions f, g. Nondegenerate Poisson bivectors bijectively correspond to symplectic forms. We will call a star product nondegenerate if the corresponding Poisson structure is nondegenerate.
Two star products * and * ′ on a Poisson manifold M are called equivalent if there exists a formal differential operator B = 1+νB 1 +. . . on M such that f * ′ g = B −1 (Bf * Bg).
Deformation quantization was introduced in [1] . It was proved by a number of authors ( [3] , [5] , [13] ) that the equivalence classes of star products on a symplectic manifold (M, ω −1 ) are bijectively parametrized by the formal cohomology classes in
Fedosov gave a simple geometric construction of star products in each equivalence class on an arbitrary symplectic manifold in [4] . Kontsevich proved in [10] that star products exist on arbitrary Poisson manifolds and gave a classification of star products up to equivalence in terms of formal deformations of the Poisson structure. If * is a star product on a 2m-dimensional symplectic manifold (M, ω −1 ), there exists a canonically normalized formal trace density
where κ is a globally defined formal function on M which vanishes at ν = 0 (see [4] , [8] ). On a compact M, the index theorem for deformation quantization ( [5] , [12] ) gives a topological formula for the total volume of µ in terms of the cohomology class of the star product. If M is a complex manifold with a Poisson bracket {·, ·} of type (1, 1) with respect to the complex structure, a star product * on (M, {·, ·}) has the property of separation of variables (of the anti-Wick type) if a * f = af and f * b = bf for any locally defined holomorphic function a and antiholomorphic function b, i.e., the operators L a = a and R b = b are pointwise multiplication operators. Equivalently, every bidifferential operator C r of the star product * differentiates its first argument in antiholomorphic directions and the second argument in holomorphic ones.
On a coordinate chart on M, the Poisson bracket is given by a Poisson tensor gl k of type (1,1),
For any star product with separation of variables on (M, {·, ·}) the operator C 1 is given locally by the formula
Given a star product with separation of variables * on M, there exists a formal differential operator I = 1+νI 1 +ν 2 I 2 +. . . globally defined on M such that for a local holomorphic function a and an antiholomorphic function b, I(ab) = b * a. In particular, Ia = a and Ib = b and therefore I r a = 0 and I r b = 0 for r ≥ 1. The operator I 1 is the Laplace-Beltrami operator ∆ given by the local formula
If λ is a closed global (1,1)-form on M, its local potential ϕ on an open subset U ⊂ M is defined up to a summand a + b and therefore the function I r ϕ does not depend on the choice of the potential. Such functions on a contractible covering glue to a global function on M which depends only on the form λ and the operator I r . This observation will be used in the proof of Theorem 1.
A star product with separation of variables * on a complex manifold M is completely determined by its formal Berezin transform I. It was proved in [9] that the inverse operator I −1 is the formal Berezin transform of a star product with separation of variables * on M equipped with the opposite Poisson structure such that
We call * the dual of the star product * . The dual of * is * . Given a complex manifold M which admits a pseudo-Kähler structure, we denote by Ω(M) the set of formal series
where ω r , r ≥ −1, are closed (1,1)-forms on M and ω −1 is nondegenerate. In particular, (M, ω −1 ) is a pseudo-Kähler manifold which has a Poisson structure corresponding to ω −1 . It was proved in [6] that the nondegenerate star products with separation of variables on M are bijectively parametrized by the elements of Ω(M). In [2] Fedosov's geometric construction was modified in order to show that on every pseudo-Kähler manifold there exists a star product with separation of variables (of the Wick type). In [14] it was shown that every star product with separation of variables on a pseudo-Kähler manifold can be obtained via a generalized Fedosov's construction. The form ω parametrizing a nondegenerate star product with separation of variables * is called its classifying form. The classifying form ω of the dual star product * is such that
The mapping ω →ω is an involution on Ω(M). We call the form
the phase form of the star product * . Clearly, the phase form of the dual star product * is −ω ph . Given a form ω ∈ Ω(M), we will call the corresponding formsω and ω ph its dual and phase forms, respectively. In this paper we will prove that the mapping ω → ω ph is a bijection of Ω(M) onto itself and thus the phase forms can be used as an alternative parametrization of the nondegenerate star products with separation of variables on M. This choice of parametrization is justified by the fact that the cohomology class of a star product with separation of variables is equal to the cohomology class of its phase form, which follows from results obtained in [7] .
We will consider the action of a change of the formal parameter on a star product with separation of variables, its formal Berezin transform, classifying form, phase form, and canonical trace density. In particular, we will consider the action of proper involutions of the formal parameter such as ν → −ν and describe the star products whose phase form is odd with respect to an involution.
Deformation quantizations with separation of variables
In this section we will describe basic constructions related to star products with separation of variables on a pseudo-Kähler manifold obtained in [6] , [7] , and [8] . Fix a pseudo-Kähler manifold M with a pseudo-Kähler form ω −1 and an element
of Ω(M). Let U be a contractible coordinate chart on M. Each form ω r , r ≥ −1, has a local potential Φ r on U so that ω r = i∂∂Φ r . Thus,
is a formal potential of ω. The metric tensor g kl of the form ω −1 is given on U by the formula
k is a Poisson tensor of type (1,1). It was proved in [6] that there exists a unique globally defined star product with separation of variables * ω on (M, ω −1 ) such that on each contractible coordinate chart U,
The mapping ω → * ω is a bijection of Ω(M) onto the set of all nondegenerate star products with separation of variables on M. The formal form ω is called the classifying form of the star product * ω . We drop the subscript ω in * ω if it does not lead to confusion.
Let (M, ω −1 ) be a pseudo-Kähler manifold of complex dimension m and U ⊂ M be a contractible coordinate chart. Denote g = det(g kl ) and fix a branch of log g on U. The Ricci form of the metric g kl is a closed global (1,1)-form on M given locally by the formula ρ = −i∂∂ log g. We denote by ε = [−ρ] the canonical class of M.
A local construction of the canonical trace density µ of a star product with separation of variables * on M was introduced in [8] . Below we give a slightly modified version of this construction. Fix an arbitrary formal potential
of the classifying form ω of the product * on U. There exists a unique potential Ψ of the dual formω of the form
satisfying the equation
where I is the formal Berezin transform for the product * . The global function κ from (1) is given by the formula
It follows from (6) that
Since κ is global, the class of i∂∂κ is trivial and
It was proved in [7] that the class of the star product with separation of variables with the classifying form ω is [ω] − ε/2, which is exactly the class of the corresponding phase form ω ph .
A star product with a given phase form
In this section we will prove the existence and uniqueness of a nondegenerate star product with separation of variables on a pseudo-Kähler manifold M whose phase form is a given arbitrary element of Ω(M).
Let M be a pseudo-Kähler manifold of complex dimension m and * be a nondegenerate star product with separation of variables on M with the classifying form
Lemma 1.
For each r ≥ 1, the bidifferential operator C r of the star product * depends only on the forms ω k with −1 ≤ k ≤ r − 2.
Proof. Let U ⊂ M be a contractible coordinate chart and Φ =
. It was proved in [6] that the formal differential operator A = L f on U is completely determined by the following conditions: the operator A does not contain antiholomorphic derivatives, it commutes with the operators R ∂Φ/∂z l for 1 ≤ l ≤ m, and satisfies A1 = f . In particular, A = f +νA 1 +ν 2 A 2 +. . . and A r 1 = 0 for all r ≥ 1. For a function g ∈ C ∞ (U), A r g = C r (f, g). The commutation condition written explicitly is as follows,
Observe that condition (8) does not depend on the choice of a formal potential of the form ω. Extracting the component of (8) corresponding to ν r−1 we get
Using induction on r, we see from (9) that the commutator (10) A r , ∂Φ −1 ∂z l is expressed in terms of the forms ω k with −1 ≤ k ≤ r − 2. It was shown in [6] that the knowledge of the commutators (10) for 1 ≤ l ≤ m and the condition A r 1 = 0 determine A r uniquely. It follows that the operator A r , and therefore C r , are expressed in terms of the forms ω k with −1 ≤ k ≤ r − 2.
Let I = 1 + νI 1 + . . . be the formal Berezin transform of a nondegenerate star product with separation of variables * on M with the classifying form ω. According to Lemma 1, for each r ≥ 1 the operator I r is expressed in terms of the forms ω k with −1 ≤ k ≤ r − 2. Set I = I −1 . The operatorĨ = 1 + νĨ 1 + ν 2Ĩ 2 + . . . is the formal Berezin transform of the dual star product * . The following lemma is trivial.
Lemma 2. For each r ≥ 1, the operatorĨ r is expressed in terms of the forms ω k with −1 ≤ k ≤ r − 2.
Assume that
is an arbitrary element of Ω(M). We want to construct a star product with separation of variables * on (M, ω −1 ) whose phase form is ω ph and show its uniqueness. We will construct inductively its classifying form
It follows from formulas (3) and (4) that
Let U ⊂ M be a contractible coordinate chart. We rewrite equation (5) on U as follows,
Extracting the component of (11) corresponding to ν r−1 for r ≥ 1 we get the equation
whence it follows that for r ≥ 1,
The sum on the right-hand side of (12) is a global (1,1)-form on M expressed in terms of the forms ω k with −1 ≤ k ≤ r − 1. Therefore, the form ω can be inductively constructed from the phase form ω ph and is uniquely defined. We have proved the following theorem. Theorem 1. Given a pseudo-Kähler manifold M, for any formal form ω ph ∈ Ω(M) there exists a unique nondegenerate star product with separation of variables on M whose phase form is ω ph .
It is particularly easy to construct a classifying form ω with a given phase form ω ph if the phase form is an invariant formal form on a homogeneous pseudo-Kähler manifold. A nondegenerate star product with separation of variables on a homogeneous pseudo-Kähler manifold is invariant if and only if its classifying form is invariant (see [11] ). If * is an invariant star product with separation of variables on a homogeneous pseudo-Kähler manifold M, then its canonical trace density µ is invariant and therefore the function κ from (1) is a formal constant. Now formula (7) implies that ω +ω = −ρ and the corresponding phase form is
Vice versa, if ω ph is an arbitrary invariant formal form from Ω(M), then
is an invariant classifying form of an invariant star product with separation of variables on M whose corresponding phase form is ω ph . Example: The complex projective space CP m equipped with the Fubini-Study form ω F S is a homogeneous Kähler manifold under the action of the projective unitary group P U(m + 1). The Ricci form of the Fubini-Study metric is (m + 1)ω F S . The invariant star product with the classifying form
has the phase form
Change of the formal parameter
Let τ (ν) = τ 1 ν + τ 2 ν 2 + . . . be a formal series in ν with τ r ∈ C and τ 1 = 0. The change of the formal parameter ν → τ (ν) defines, via a pullback, a C-algebra automorphism
The action of T extends to other formal geometric objects on M. We will be particularly interested in the involutive change of the formal parameter ν → −ν. Given a star product * on (M, {·, ·}), the product * T defined by
. If the product * is given by a formal bidifferential operator C = ∞ r=0 ν r C r , then the product * T is given by
Lemma 3. If * is a (possibly degenerate) star product with separation of variables on a complex manifold M with the formal Berezin transform I, then * T is also a star product with separation of variables whose formal Berezin transform I T is given by the formula I T = T IT −1 .
Proof. If a is a local holomorphic function on M, then so is T −1 a. We have
Similarly, for a local antiholomorphic function b we have f * T b = bf . Therefore, * T is a star product with separation of variables. Now,
In the rest of the paper we will assume that * is a nondegenerate star product with separation of variables on a pseudo-Kähler manifold (M, ω −1 ) of complex dimension m with the classifying form
We fix a change of the formal variable T = τ * . The product * T is a star product with separation of variables on the pseudo-Kähler manifold (M, (1/τ 1 )ω −1 ).
Lemma 4.
The classifying form of the star product with separation of variables * T is T ω.
Proof. Let Φ be a formal potential of ω on a contractible coordinate chart U ⊂ M. Given a function f on U, we have
It follows that T Φ is a formal potential which determines the star product with separation of variables * T on U. Therefore, the classifying form of * T is T ω.
Let I be the formal Berezin transform and µ be the canonical trace density for the product * , and letω be the dual of the form ω. The canonical trace density of the star product * T is given by the formula
where κ T is a globally defined formal function on M which vanishes at ν = 0. The expression log τ (ν)
gives a well defined formal series which also vanishes at ν = 0.
Proposition 1. (a)
The dual form of the form T ω is the form Tω.
(b) The following formula holds,
(c) The canonical trace density for the product * T is
Proof. Let U ⊂ M be a contractible coordinate chart. Denote, as above, the metric tensor of ω −1 by g kl and set g = det(g kl ). The metric tensor for (1/τ 1 )ω −1 is (1/τ 1 )g kl and
Fix a branch of log g on U and a value of log τ 1 , and set
Choose an arbitrary potential Φ of the form ω on U. Then, according to Lemma 4, T Φ is a potential of the form ω T . We have
There exists a unique potential Ξ of the form dual to T ω such that
and which satisfies the equation
The function κ T in formula (13) has the following local expression,
Applying T to (5) and using the fact that
we obtain that
.
Equation (18) is equivalent to the following one,
We get from equations (16) and (19) that
Equation (4) implies that
We obtain from Eqns. (15, 20, 21) that
Statement (a) of the Proposition follows directly from formula (22). We obtain statement (b) combining the formula
with (17) and (22). Statement (b) readily implies (c).
Let ω ph denote the phase form of the product * .
Corollary 1. The phase form of the star product * T is T ω ph .
Now assume that τ (ν) = τ 1 ν + τ 2 ν 2 + . . . is a proper involution, i.e., τ • τ = id and τ 1 = −1, for example, τ (ν) = −ν. For any ω ∈ Ω(M), its odd part with respect to the proper involution
Theorem 2. Let * be a nondegenerate star product with separation of variables on a pseudo-Kähler manifold M with the classifying form ω ∈ Ω(M), dual formω, phase form ω ph , and formal Berezin transform I, and let T = τ * be a proper involution. Then the following conditions are equivalent:
Proof. (i) ⇒ (ii). Assume that ω ph is odd with respect to T , i.e., T ω ph = −ω ph . The phase form of the form T ω is T ω ph = −ω ph . The phase form of the dual formω is also −ω ph . By Theorem 1, T ω =ω. The implications (ii) ⇒ (i) and (ii) ⇔ (iii) are straightforward.
Assume that T = τ * is a proper involution and * is a star product satisfying conditions (i) − (iii) of Theorem 2.
Proposition 2. The canonical trace density µ T of the star product * T is expressed through the canonical trace density µ of the product * as follows, µ T = (−1) m µ.
Proof. Formula (13) and the fact that τ 1 = −1 imply that the statement of the Proposition is equivalent to the statement (23) κ T = κ.
We will prove the formula (24) T κ − κ = m log τ (ν) τ 1 ν which, according to part (ii) of Proposition 1, is equivalent to (23). Assume that ω ∈ Ω(M) is such that T ω =ω. Let Φ and Ψ be formal potentials of ω andω on a contractible coordinate chart U ⊂ M given by formulas (3) and (4), respectively. Formula (6) implies that (25)
T κ − κ = T Φ + T Ψ − Φ − Ψ.
Proof. The Corollary is an immediate consequence of formula (24).
Given the formal Berezin transform I corresponding to a classifying form ω = (1/ν)ω −1 + . . . ∈ Ω(M), the formal differential operator X := log I = νX 1 + ν 2 X 2 + . . . is a well defined global operator on M with X 1 = ∆ the Laplace-Beltrami operator for the pseudo-Kähler metric ω −1 . Condition (iii) of Theorem 2 is equivalent to the condition that X is odd with respect to T , i.e., T XT −1 = −X. In [9] it was noticed that, for each r ≥ 1, the order of the operators X 2r−1 and X 2r is not greater than 2r. This observation leads to the question whether the order of the operators X 2r can be lowered further. It turns out that all operators X 2r can simultaneously vanish. Namely, if the involution is τ (ν) = −ν, one can see from Theorem 2 that all operators X 2r vanish if and only if the phase form ω ph of the form ω is odd in the formal parameter ν.
